We investigate the effects of delayed Raman response on pulse dynamics in massive multichannel optical fiber communication systems. Taking into account the stochastic nature of pulse sequences in different frequency channels and the Raman induced energy exchange in pulse collisions we show that the pulse parameters exhibit intermittent dynamic behavior, and that the pulse amplitudes exhibit relatively strong and long-range correlations. Moreover, we find that the Raman-induced cross frequency shift is the main intermittency-related mechanism leading to bit pattern deterioration and evaluate the bit-error-rate of the system.
The dynamic evolution of coherent patterns in the presence of noise and nonlinearities is a rich and complex subject that is of major importance in many areas of physics. Fiber optics communication systems, which employ optical pulses to represent bits of information, serve as an excellent example for systems where noise and nonlinear effects can have an important role in the dynamics of coherent patterns [1] . It is known that the dynamics of the parameters characterizing the pulses in optical fiber transmission systems can exhibit non-Gaussian statistics [2, 3, 4, 5] . Yet, it is commonly believed that the statistics of the optical pulse parameters is very different from the intermittent statistics encountered in strong nonlinear phenomena such as turbulence and chaotic flow. (For a review of intermittency in the context of turbulent flow, see Ref. [6] ). In this Letter we present results that contrast this common belief and show that the parameters of optical pulses can exhibit intermittent dynamic behavior in massive multichannel transmission systems. Furthermore, we demonstrate that this intermittent dynamics can have important practical consequences by leading to relatively large values of the bit-error-rate (BER) characterizing the system performance.
We consider conventional optical solitons as an example for the pulses carrying the information and focus attention on the effects of delayed Raman response on the propagation.
The main effect of delayed Raman response on single-soliton propagation is the self frequency shift, which is due to energy transfer from higher frequency components of the pulse to its lower frequency components [7, 8] . The main effect of a single two-soliton collision in the presence of delayed Raman response is an energy exchange between the colliding pulses (Raman induced cross talk), which leads to a change in their amplitudes [9, 10, 11, 12, 13] .
In addition, the frequencies of the two solitons also change as a result of the collision (Raman induced cross frequency shift) [9, 11, 12, 13] .
The combined effect of Raman scattering and randomness of soliton sequences in multichannel transmission systems was considered in Refs. [14, 15] , where it was found that the soliton amplitude has a lognormal distribution. It was also shown that the distribution of the cross frequency shift in a two-channel system is lognormal and that the first two normalized moments of the self frequency shift grow exponentially with increasing distance. Even though these studies implied intermittent dynamic behavior for the soliton amplitude, it was not clear whether the other soliton parameters exhibit similar dynamic behavior in a general multichannel system. Moreover, the effect of the amplitude intermittent behavior on the main measure of system performance, the BER, was not addressed at all. In this Letter we study in detail the intermittent character of soliton dynamics. We show that the normalized nth moments of the self and cross frequency shifts are exponentially increasing with both propagation distance z and n 2 , i.e., the self and cross frequency shifts exhibit intermittent dynamic behavior. We find that the nth order equal-z amplitude correlation functions have similar dependence on z and n 2 with a typical correlation time which is much larger than the time slot width, thus showing that the system exhibits relatively strong and long-range correlations. Furthermore, we find that the cross-frequency shift is the main intermittencyrelated mechanism leading to an increase of the BER, and calculate the z-dependence of the BER for different channels.
Propagation of pulses of light through an optical fiber in the presence of delayed Raman response is described by the following perturbed nonlinear Schrödinger equation [1] :
In Eq. (1) Ψ is the envelope of the electric field, z is the position along the fiber, t is time in the retarded reference frame and the term −ǫ R Ψ∂ t |Ψ| 2 accounts for the effect of delayed Raman response [16] . When ǫ R = 0, the single-soliton solution of Eq. (1) in a given frequency channel β is described by Ψ β (t, z) = η β exp(iχ β ) cosh −1 (x β ), where x β = η β (t − y β − 2βz) and χ β = α β + β(t − y β ) + η 2 β − β 2 z, and α β , η β and y β are the soliton phase, amplitude, and position, respectively.
Consider a single collision between a soliton in the reference channel (β = 0) and a soliton in the β channel. We assume that |β| ≫ 1, ǫ R ≪ 1 and ǫ R ≪ 1/|β|, which is the typical situation in current multichannel transmission systems. Focusing attention on changes in the parameters of the reference channel soliton, for example, one finds that the most important effect of the collision is an O(ǫ R ) change in the soliton amplitude [10, 12] :
The main effect of the collision in order ǫ R /β is a frequency shift given by [12] :
we neglect effects of order ǫ 2 R and higher. We now describe propagation of a soliton in the reference channel undergoing many collisions with solitons from all other frequency channels in a system with 2N + 1 channels.
We assume that the amplitudes of the latter solitons are all equal to 1. The stochastic character of soliton sequences in different channels is taken into account by defining discrete random variables ζ ij , which describe the occupation state of the jth time slot in the ith channel: ζ ij = 1 if the slot is occupied and 0 otherwise. Therefore, the nth moment of ζ ij satisfies ζ n ij = s, where s is the average fraction of occupied time slots, assumed to be the same in all channels. We also assume that the occupation states of different time slots are uncorrelated:
We denote by ∆β the frequency difference between neighboring channels and by T the time slot width. We assume that the change in η 0 over the interval ∆z 
where k − 1 and k are the indexes of the two successive time slots in the i = −1 channel,
c , and the outside sum is from −N to N. We decompose the disorder ζ ij into an average part and a fluctuating part:
and δ ii ′ is the Kronecker delta function. Substituting ζ ij = s +ζ ij into Eq. (3) and going to the continuum limit we obtain
where the continuous disorder field
Using Eq. (5) one can show that ξ (0) (z; N) = 0 and
where
, and δ(z) is the Dirac delta function.
Notice that the first term on the right hand side of Eq. (3) is zero due to symmetry.
Integrating both sides of Eq. (3) over z we obtain
and we assumed η 0 (0) = 1. According to the central limit theorem x (0) (z; N) is a Gaussian random variable with x (0) (z; N) = 0 and
As a result, the distribution of the soliton amplitude is lognormal
R z , from which it follows that the amplitude dynamics is intermittent. For a soliton in the ith channel, the amplitude dynamics is given by
From Eq. (9) it follows that ξ (i) (z; N) = 0 and
Therefore, the disorder strength is different for different channels.
To solve Eq. (8) we substitute i (z). As a result, the statistics of η i is described by the lognormal distribution (7), with D
The dynamics of the Raman-induced self frequency shift for the reference channel soliton is given by
To show that Eq. (10) leads to intermittent dynamics for β
we first calculate the nth moment:
where 0 ≤ z n ≤ · · · ≤ z 1 ≤ z. Using Eq. (6) and the fact that the integrals
are Gaussian random variables that are independent for different i-values we obtain
where z 0 = z. Thus, β (s)n 0 (z) is given by a sum over exponential terms of the form
R z where 0 ≤ m ≤ n and K m are constants. To show intermittency it is sufficient to compare the leading term in the sum with the leading term in the expression for β
n . This calculation yields:
Therefore, the leading term in the expression for the normalized nth moment of β 0 . In particular, the s-dependent contribution to the cross frequency shift discussed below and the soliton's phase shift, which is given by α 0 (z) = 2
The dynamics of the Raman-induced cross-frequency shift β (c) 0 in a two-channel system was obtained in Refs. [14, 15] , where it was shown that β 
Equation (14) can be solved by decomposing β i (z) coming from different channels:
c . Hence, the fields ξ
. Substituting these relations into Eq. (14), going to the continuum limit and integrating over z we obtain
where 
Using Eq. (16) one finds that the leading term in the expression for the normalized 2nth
n , which is exponentially growing with z.
Hence, the cross-frequency shift in the three-channel system exhibits intermittent dynamic behavior, even though it is not lognormally distributed as in the two-channel case.
To gain further insight into the intermittent dynamic behavior exhibited by the solitons we calculate the nth order equal-distance amplitude correlation functions, which measure correlation between amplitudes of solitons from different time slots in the same channel.
Considering the reference channel we calculate
where η 00 and η 0j stand for the amplitudes of the solitons in the 0th and jth time slots, respectively. We still assume that the amplitudes of solitons in other channels are 1. Therefore, considering collisions with solitons from the ith channel, for example, the difference between the dynamics of the two solitons is due to the fact that the 0j soliton experiences the disorder experienced by the 00 soliton with a delay given by ∆z ji = jT /(2β i ). Using this fact and the decomposition of ξ (0) into the ξ
i , and assuming j > N, one can show that C 0j (z) = η 00 (z)η 0j (z) is lognormally distributed
for ∆z ji < z < ∆z j(i−1) . Consequently, the normalized nth order equal-distance amplitude correlation functions are given by
In particular, for z < ∆z jN C 0j (z) = 0 since the two solitons are uncorrelated. During the transient ∆z jN < z < ∆z j1 the solitons become correlated due to the effective collisioninduced disorder. For z > ∆z j1 , i.e., after the transient,
Thus, after the transient the nth order correlation functions grow exponentially with both We now relax the frozen disorder assumption and take into account the dynamics of soliton amplitudes in all channels. In this case Eq. (4) is replaced by
Expressing η 0 (z) as a product of an s-dependent and an s-independent parts:
0 (z), substituting into Eq. (22), and integrating over z we obtain
and
It follows that η 
and we assumed
0 -distribution is the lognormal distribution given by Eq. (7) with D 
A direct consequence of Eq. (27) is that the nth moments of the η From the practical point of view it is important to understand the influence of the intermittent dynamic behavior of the soliton parameters on the BER. The contribution of the collision-induced pulse decay to the BER was discussed in detail in previous works (see Ref.
[17] and references therein). Moreover, the small-η tail of the lognormal distribution lies below the corresponding tail of the Gaussian distribution, whereas the large-η lognormal tail lies above the corresponding Gaussian tail. As a result, strong effects due to deviations from Gaussian statistics are related to relatively large η-values. When the position dynamics or the frequency dynamics are coupled to the amplitude dynamics such large η-values can lead to significant increase in the BER due to walk-off of the soliton from its assigned time slot. Therefore, we focus our attention on contributions to the BER due to the large-η lognormal tail. We consider a 101-channel system operating at 10Gbits/s per channel and emphasize that state-of-the-art experiments with dispersion-managed solitons demonstrated multichannel transmission with 109 channels at 10 Gbits/s per channel over a distance of 2 × 10 4 km [18] . We use the following parameters, which are similar to the ones used in multichannel soliton transmission experiments [19] . Assuming that T = 5, ∆β = 10 and s = 1/2, the pulse width is 20 ps, ǫ R = 3 × 10 −4 , the channel spacing is 75 GHz, and D 2 = 1.
Taking β 2 = −1ps 2 /km, the soliton-peak-power is P 0 = 1.25 mW. For these values the disorder strength is D is obtained by taking the continuum limit in Eq. (14) and integrating the s-dependent term twice with respect to z:
The position shift with a fixed amplitude η 0 (z) = 1 isỹ 
Occupied time slots are considered to be in error, if I(η 0 , ∆y Figure 4 shows the mutual distribution function G(η 0 , ∆y (cd) 0 ) at z = 25 and the two domains giving the main contributions to the BER. It can be seen that this distribution is very different from the one observed for single-channel soliton propagation in the presence of amplifier noise (see Fig. 1 in Ref. [3] ).
While the latter distribution is approximately symmetric about ∆y 0 = 0 and η 0 = 1, the former is strongly asymmetric with an extended tail in the large-η 0 and large-negative-∆y (cd) 0 region. The strong asymmetric form of G(η 0 , ∆y (cd) 0 ) in our case is due to the strong coupling between the position dynamics and the amplitude dynamics and the lognormal statistics of the soliton amplitude. Thus, we find that amplitude dynamics plays a dominant role in error generation in massive multichannel optical fiber transmission systems, a situation which is very different from the one observed in single-channel transmission systems [3] .
In summary, we studied soliton propagation in massive multichannel optical fiber communication systems taking into account the effects of delayed Raman response and the random character of pulse sequences. We found that the soliton parameters exhibit intermittent dynamic behavior and showed that the cross frequency shift is the main mechanism leading to bit pattern deterioration and to relatively large values of the bit-error-rate. We emphasize that similar dynamic behavior is expected in massive dispersion-managed multichannel transmission systems as well. In such systems the Raman-induced energy exchange in collisions will lead to lognormal statistics for the pulse amplitudes. In addition, the frequency and position dynamics will be affected by a variety of amplitude-dependent perturbations due to Kerr nonlinearity. The coupling of the frequency and position dynamics to the amplitude dynamics will lead to intermittent dynamics of the pulse frequency and position and to relatively large values of the bit-error-rate. 
